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Abstract. The equations of the conformal field theory of gravitation with the Dirac’s
scalar field in Weyl–Cartan spacetime have been received. Exact solutions for Dirac’s
scalar field for an early Universe have been derived. Intensive decrease of physical
vacuum energy (dark energy) is obtained with the Dirac’s scalar field as the effective
cosmological “constant”.
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1. Introduction
It was expressed in papers [1], [2] that a gauge approach to the theory of gravitation
should be added to the existing geometrical approach. As it is well known, a gauge
approach allows to construct the modern classical field theory. It was shown in [3]–[5]
on the base of the gauge theory of the Poincare´–Weyl group that the Weyl–Cartan
spacetime geometry is the background to the modern theory of gravitation.
The Poincare´–Weyl group is a nontrivial (noncommutative) union of space-time
dilatations (stretching and compression) and the Poincare´ group. Dilatations are
mathematically equivalent to the group of changes of a scale, which is the basis of
the gauge theory proposed by Weyl in 1918 [6].
In [3]–[5] the gauge theory for the Poincare´–Weyl group has been constructed. The
actuality of this approach follows from the fact that high-energy physics requires the
local scale invariance. This theory is based on the method of introduction of gauge fields
for groups associated with the transformations of spacetime coordinates. This method
is founded on the first and the second Noether theorems and developed in [7]–[10]. Note
that in this approach tetrad coefficients haµ are not gauge fields but the functions of the
true gauge fields.
The gauge field, which introduced by a subgroup of dilatations, is called dilatation
field. Its potential vector is the Weyl vector, and the tension is the segmental curvature
tensor appearing together with the curvature and torsion tensors after the geometric
interpretation of the theory. A special feature of the gravitational field Lagrangian,
which has been built in [3]–[5], is the existence of a nonzero mass for the Weyl’s
nonmetricity vector field without violation of the gauge invariance. This means that
the dilatation gauge field does not constitute an electromagnetic field (which is claimed
by Weyl in his basic work [6]), but a field of another type [11]–[13].
Note also that in the papers [3]–[5] in the frames of gauge procedure the Dirac’s
scalar field β(x) [14] has been naturally introduced. This field plays a crucial role
in the construction of the proposed gravitational field Lagrangian. Some terms in
this Lagrangian have the structure of the Higgs Lagrangian, and thus can cause the
spontaneous breaking of dilatation invariance, which leads to the creation of particle
masses [15].
It is well known that a conformal symmetry (in particular the Weyl scale symmetry)
is of a great importance in the quantum field theory. Breaking of this symmetry at the
quantum level is connected with the determination of the structure of counterterms,
with the problem of asymptotic freedom in the quantum field theory, as well as with
the calculation of the critical dimensions (n = 26 and n = 10) in the string theory, with
gravitational instantons, with the phenomenon of Hawking evaporation black holes, with
the problems of inflation, with the cosmological constant, with the particle creation and
creation black holes in the early universe [16]. Construction of the conformal theory
of physical fields at the quantum level is currently one of the most urgent problems of
fundamental physics.
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An important part of this problem is the creation of an adequate conformal classical
field theory, in particular, the conformal theory of the gravitational field. A solution
to this problem can be the gauge theory of Poincare´–Weyl group [3]–[5], in which a
conformally invariant Lagrangian of the gravitational field has been constructed. In the
geometric interpretation of this theory, a curved space is appearing with the tangent
space, in which the metric tensor has the form ggaugeab = β
2(x)gMab , where g
M
ab is the metric
tensor of Minkowski space. Thus this tangent space is no longer Minkowski space, but a
Minkowski–Weyl space. This type of metric tensor is used by Strominger in his famous
heterotic string theory [17].
However in the affine-metric theory of gravitation, it is considered the tangent
space to be the Minkowski space. In order to superpose both of these theories one can
to redefine components of the metric tensor in the coordinate space: gµν = β
−2ggaugeµν . It
leads to a redefinition of other geometric quantities of the theory. Resulting from this
procedure is a conformal theory of gravity in the Weyl–Cartan spacetime [18]–[20] with
an additional geometric structure of the Dirac’s scalar field β, which in this approach
arises naturally as a necessary element of the theory. In other theories, which dealt with
the scalar field in affine-metric theory of gravity [21], [22], this field is introduced into
the theory from the outside “by hands”, which is rather artificial.
The scaling-invariant theory of gravitation with scalar field in a Riemann space-
time has been developed in [23]–[26] (see also the references therein) in order to derive
an alternative scenario of the evolution of the Universe. In this scenario some of the
observation data of modern cosmology can be explained without introducing the Λ-term
and without adopting the inflation hypothesis. In contradiction with this, we do not
reject the inflation and the Λ-term. In [18]–[20] we have expressed the hypothesis that
the dark energy is determined by the value of the Dirac scalar field via the term Λ0β
4 of
the Lagrangian. The conformal theory with a scalar field in the Weyl–Cartan spacetime
that is developed in the paper proposed is wider than the theory developed in [23]–[26]
because it contains (in comparison with that) two additional geometrical quantities – the
Weyl vector and the torsion tensor. This alters significantly the variational equations
of the gravitational theory.
In the second part of this paper the conformal transformations induced by the
localized Poincare´–Weyl group are introduced. In the third part the variational
formalism of the conformal theory of gravity in the Weyl–Cartan spacetime with the
Dirac’s scalar field is developed. As a result, there are three variational equations of the
gravitational field: results of the variation of the connection (Γ-equation), the tetrads (h-
equation) and the Dirac’s scalar field (β-equation). In the fourth part of this paper, these
equations are used to solve the problem of changing of the cosmological constant and
the problem of the energy of physical vacuum, which is determined by the cosmological
constant. In the fifth part the differential identities are obtained that can be used to
check the validity of the variational derivatives and to found some correlations between
the coupling constants of the gravitational Lagrangian.
Dirac’s scalar field as dark energy and evolution of cosmological “constant” 4
2. Conformal transformations induced by the localized Poincare´–Weyl
group
In the Poincare´–Weyl gauge theory of gravitation [3]–[5], the gauge invariant tensions
of the gauge fields (Lorentz r-field, translational t-field and dilatational d-field) are the
geometric quantities of the Weyl–Cartan spacetime (expressed in the tetrad form): a
curvature tensor Rabµν , a torsion tensor T
a
µν , a segmental curvature tensor Vµν and a
Weyl’s nonmetricity vector Qµ,
Rabµν = 2∂[µΓ
a
|b|ν] + 2Γ
a
c[µΓ
c
|b|ν],
T aµν = 2∂[µh
a
ν] + 2Γ
a
b[µh
b
ν],
Vµν = ∇[µQν] + 1
2
T λµνQλ ,
Qµ = gαβQ
αβ
µ , Q
αβ
µ = ∇µgαβ = 1
4
gαβQµ . (1)
In this theory, the tangent space is not a Minkowski space, but a Minkowski–Weyl
space. Its metric tensor in a special coordinate system can be represented as follows:
g
gauge
ab = β
2(x)gMab
where gMab is the metric tensor of a Minkowski space, and β is the Dirac’s scalar field.
Under localized infinitesimal dilatation transformations in the tangent space with
the parameter ε(x), the field β and the tetrads transform as follows:
δβ = ε(x)β , δhaµ = −εhaµ , (2)
but the Minkowski metric gMab is not transformed. Therefore, in this approach the metric
tensor of the coordinate space gµν is also not transformed according to the formula
gµν = gabh
a
µh
b
ν , (3)
where gab = β
2(x)gMab .
However, in the conventional treatment of a Weyl–Cartan spacetime it is considered
the tangent space to be the Minkowski space, the metric tensor of which, as already
indicated, does not transform under the transformations of the dilation. But according
to (3), where in this case gab = g
M
ab , the metric tensor gµν of coordinate space should
transform under the transformations of dilatation:
δgab = 0 , δgµν = −2εgµν . (4)
We will follow to this standard treatment of dilatation transformations based on
the formulas (2) and (4). The geometric quantities will thus be transformed as follows:
δΓabµ = δ
a
b ∂µε , δQ
ab
µ = 2g
ab∂µε , δQµ = 8∂µε , (5)
δRabµν = 0 , δT
a
µν = −εT aµν , δVµν = 0 . (6)
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3. Variational procedure in the tetrad conformal theory of gravity with a
scalar field in a Weyl–Cartan spacetime
A variational procedure in a Weyl–Cartan spacetime can be done by various methods:
independent variation of a metric, torsion and a Weyl vector; independent variation of
tetrads, Lorentz connection and a Weyl vector [29]; a metric and a general holonomic
connection of L4(g,Γ) space using the condition (1) with the help of Lagrange multipliers
[27], [28], [9].
In this paper we generalize variational formalism developed in [30], [31] to the case
of the presence of the Dirac’s scalar field. The field equations are obtained with the
help of the tetrad formalism in the theory of gravitation with quadratic Lagrangians
using the variational first-order formalism, in which metric and nonholonomic connection
are treated as independent variational variables (generalized Palatini formalism, see
[32]–[34]). The condition (1) is taking into account using Lagrange multipliers. This
formalism has been used erlier in [31] without the Dirac’s scalar field to be taken into
consideration.
In the presence of the Dirac’s scalar field β, the Lagrangian density of the
gravitational field, which is invariant under conformal transformations of (2), (4)–(6,)
is the following:
LG =
√−g(f0β2R + LR2 + β2LT 2 + β2LQ2 + β2LTQ + Lβ) , (7)
where
LR2 = f1R
αβµνRαβµν + f2R
αβµνRβαµν + f3R
αβµνRαµβν + f4R
αβµνRβµαν
+f5R
αβµνRµναβ + f6R
2 + f7R
µνRµν + f8R
µνRνµ + f9R
µνR˜µν
+f10R
µνR˜νµ + f11R˜
µνR˜µν + f12R˜
µνR˜νµ + f13V
µνRµν
f14V
µνR˜µν + f15V
µνVµν (8)
is the Lagrangian quadratic in curvature,
LT 2 = a1T
λµνTλµν + a2T
λµνTνµλ + a3T
µTµ (9)
is the Lagrangian quadratic in torsion,
LQ2 = k1Q
µνλQµνλ + k2Q
µνλQµλν + k3Q
µQµ + k4Qλ
µ
µQ
λν
ν + k5Q
µQµ
ν
ν (10)
is the Lagrangian quadratic in nonmetricity,
LQT = m1Q
µνλTµνλ +m2Q
µTµ +m3Q
µ
νµT
ν (11)
is the Lagrangian containing contractions nonmetricity and torsion,
Lβ = l1g
µν∂µβ∂νβ + l2β∂µβg
µσTσ + l3β∂µβg
µσQσ + l4β∂µβQ
µσ
σ + Λ0β
4 (12)
is the Dirac’s scalar field Lagrangian.
The full Lagrangian density of the theory is as follows:
L = LG + Lm + 1
2
√−gβ4Λµab
(
Qabµ − 1
4
gabQµ
)
, Λµabg
ab = 0 , (13)
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where Lm is the Lagrangian density of the sources of the gravitational field, and the
last term is the additional term with the Lagrange multiplier Λµab. This term ensures
fulfillment of the Weyl condition (1) as a result of the variational procedure.
In carrying out the variational procedure, it is effective to use the following formulas:
√−gβ2HνµbaδRabµν = ∂ν(2
√−gβ2H [µν]baδΓabµ)
+
(
2
∗
∇ν (
√−gβ2H [νµ]ba)−
√−gβ2HαβbaT µαβ
)
δΓabµ , (14)
√−gβ2NaµνδT aµν = ∂ν(2
√−gβ2Na[νµ]δhaµ)− 2
√−gβ2Na[bµ]δΓabµ
+
(
2
∗
∇ν (
√−gβ2Ha[µν]) +
√−gβ2 T µσνHaσν
)
δhaµ , (15)
√−gβ2BabµδQabµ = ∂µ(
√−gβ2B(ab)µδgab)
− ∗∇µ (
√−gβ2B(ab)µ)δgab + 2
√−gβ2B(ab)µδΓabµ . (16)
The variational derivatives of the Lagrangian density (7) are the following: with
respect to the connection,
δLG
δΓabλ
= f0
δ(β2
√−gR)
δΓabλ
+
δ(
√−gLR2)
δΓabλ
+
δ(β2
√−gLT 2)
δΓabλ
+
δ(β2
√−gLQ2)
δΓabλ
+
δ(β2
√−gLQT )
δΓabλ
+
δ(
√−gLβ)
δΓabλ
, (17)
with respect to the tetrads,
δLG
δhaµ
= f0
δ(
√−gβ2R)
δhaµ
+
δ(
√−gLR2)
δhaµ
+
δ(
√−gβ2LT 2)
δhaµ
+
δ(
√−gβ2LQ2)
δhaµ
+
δ(
√−gβ2LQT )
δhaµ
+
δ(
√−gLβ)
δhaµ
,
and with respect to the scalar field,
δLG
δβ
= 2β
√−g (f0R + LT 2 + LQ2 + LQT ) +
δ(
√−gLβ)
δβ
.
By varying the total Lagrangian density (13) with respect to the Lagrange multipliers
Λµab one obtains the Weyl condition (1) on the nonmetricity tensor,
Qabµ =
1
4
gabQµ , (18)
which should be taken into account in the resulting variational field equations.
The resulting variational field equations one can see in Appendix A. These
equations will be used for obtaining and solving the equation for the Dirac’s scalar
field in the early Universe. It should be noted that since the Lagrangian density (13),
prior to the procedure of variation, has been recorded in the general affine-metric space,
and only after the variation procedure one can see that spacetime is the Weyl–Cartan
spacetime, then we can formally write down the result of variation of this Lagrangian
density under the components of the metric tensor gab. One can prove that these
equations are a consequence of the rest field equations of the theory (see Sec. 5).
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4. The solution of the equation for the Dirac’s scalar field at the early
stage of the Universe evolution
By antisymmetrizating and calculating the trace, the variational Γ-equation (A.1) splits
into two independent equations. After taking into account the Weyl conditions (1)
and the following definitions for the torsion trace and the modified torsion tensor,
respectively,
Tµ = T
µ
abh
b
µ , M
µ
ab = T
µ
ab + 2h
µ
[aTb] ,
the first of these equations reads,
f0
√−gβ2(Mµab − 1
2
hµ[aQb]) + (2δ
µ
[αδ
ν
β]∇ν +Mµαβ +
1
2
hµ[αQβ])
√−g(2(f1
−f2)R[ab]αβ − (2f3 − f4)R[aαβb] + f4Rα[ab]β + 2f5Rαβab
+2f6Rh
α
[ah
β
b] + (2f7 + f9)R[a
αhβb] + (2f8 + f10)h
α
[aR
β
b]
+(f9 + 2f11)R˜[a
αhβb] + (f10 + 2f12)h
α
[aR˜
β
b] + (f13 + f14)V[a
αhβb])
+
√−gβ2(4a1T[ab]µ − 2a2(T µab + T[ab]µ) + 2a3hµ[aTb])
−1
4
√−gβ2(m1 − 4m2 −m3)hµ[aQb]
+
√−gβ2∂ν ln β(−4f0 + l2)hµ[ahνb] = −
√−gSµab . (19)
The second of these equations reads,
∇ν
(√−g(V µν(4f1 + 4f2 + 2f13 − 2f14 + 16f15)
+R[µν](4f3 + 2f4 + 4f7 − 4f8 − 2f9 + 2f10 + 8f13)
+R˜[µν](−2f4 + 2f9 − 2f10 − 4f11 + 4f12 + 8f14)
))
+
√−g
(
V αβ(2f1 + 2f2 + f13 − f14 + 8f15)
+Rαβ(2f3 + f4 + 2f7 − 2f8 − f9 + f10 + 4f13)
+R˜αβ(−f4 + f9 − f10 − 2f11 + 2f12 + 4f14)
)
Mµαβ
+
√−gβ2
[
T µ(4a1 + 2a2 + 6a3 − 2m1 + 8m2 + 2m3)
+Qµ
(
4k1 + k2 + 16k3 + k4 + 4k5 − 3
4
(m1 + 4m2 +m3)
)
+gµν∂ν ln β(3l2 + 8l3 + 2l4)
]
= −√−gJµ . (20)
We shall consider that period of the early Universe, in which the birth of elementary
particles with nonzero rest masses (as a consequence of spontaneuos breaking of the
dilatational invariance) has not yet happened, and the decisive contribution to the
dynamics of the Universe gives a Dirac’s scalar field. For this reason, we neglect in the
field equations terms with material sources. In addition, at this stage of the study we
will ignore terms in the Lagrangian of the gravitational field depending on the squares
of the curvature tensor (fi = 0 , i = 1, 2, . . . , 15).
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With these asumptions, in the antisymmetric part of Γ-field equation, Eq. (19),
we equate to zero its source: Sµab = 0, and form the contraction of this equation with
tetrad hbµ. The result can be summarized as follows:
t1Tµ + q1Qµ + b1∂µ ln β = 0 , (21)
where the coefficients are
t1 = 2f0 + 2a1 + a2 + 3a3 ,
q1 = −3
4
f0 +
3
8
(−m1 + 4m2 +m3) ,
b1 =
3
2
(−4f0 + l2) .
Now let us consider the trace of Γ-field equation, Eq. (20), equate to zero its source:
Jµ = 0, and the terms appearing from the squares of the curvature in (7). The resulting
equation is as follows:
t2Tµ + q2Qµ + b2∂µ ln β = 0 , (22)
where the coefficients are
t2 = 4a1 + 2a2 + 6a3 − 2m1 + 8m2 + 2m3 ,
q2 = 4k1 + k2 + 16k3 + k4 + 4k5 − 3
4
(m1 + 4m2 +m3) ,
b2 = 3l2 + 8l3 + 2l4 .
We shall consider equations (21) and (22) as a system of linear algebraic equations
for unknown variables Tµ and Qµ. Calculating these values, we find
Tµ = χT∂µ ln β , Qµ = χQ∂µ lnβ , (23)
where the coefficients are
χT =
q1b2 − q2b1
t1q2 − t2q1 , χQ = −
b1t2 − b2t1
q1t2 − q2t1 .
Let us consider the β-equation (A.3), equate to zero its source, δLm
δβ
= 0, and the
terms appearing from the squares of the curvature in (7). As a result we obtain:
−2l1
∗
∇µ
(√−ggµν∂νβ)− β ∗∇µ (√−g(l2T µ + l3Qµ + l4Qµλλ))
+2β
√−g
(
f0R + LT 2 + LQ2 + LTQ
)
+ 4
√−gΛβ3 = 0 .
Substitute in this equation the Weyl condition (18), multiply by β and express from the
result the term with the scalar curvature:
2β2
√−gf0R = −2β2
√−g(LT 2 + LQ2 + LTQ) + 2l1β
∗
∇µ (
√−ggµν∂νβ)
+β2
∗
∇µ (
√−g(l2T µ + (l3 + 1
4
l4)Q
µ))− 4√−gΛβ4 = 0 . (24)
Let us consider now the h-field equation (A.2), equate to zero its source, δLm
δhaµ
= 0,
and the terms appearing from the squares of the curvature in (7). Then we form the
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contraction of this equation with tetrad haµ. The result is as follows:
√−gβ2
[
2f0R + 4(LT 2 + LQ2 + LTQ)− 2a1T µσνTµσν − 2a2T νµσTσµν − 2a3T µTµ
−2k1QνλµQνλµ − 2k2QµνλQνλµ − 2k3QµQµ − 2k4QλµµQλνν
−k5(QµννQµ +QνQνµµ)− 2m1T νλµQνλµ − 2m2T µQµ − 2m3QµννTµ
]
+
√−g
[
4Lβ − 2l1gσρ∂σβ∂ρβ − 2β∂νβ(l2T ν + l3Qν + l4Qνλλ)
]
+
∗
∇ν
[
β2
√−g(−4a1T ν − 8a2T ν − 6a3T ν + 2m1Qµ[µν] − 3m2Qν
+2m3δ
[ν
µ Q
µ]λ
λ + 2l2∂σ ln βg
σ[µδν]µ )
]
+ 4
√−gΛσbcQbcσ = 0 . (25)
Since these equations are applied to the solution of the cosmological problem at the
early stage of the Universe evolution, we assume homogeneity and isotropy of spacetime
and of the scalar field distribution. We choose the metric in the form of the Friedmann–
Robertson–Walker (FRW) metric,
ds2 = dt2 − a2(t)
(
dr2
1− kr2 + r
2(dθ2 + sin2 θdφ2)
)
. (26)
Then, as it was shown in [35]–[37], torsion field is determined only by its trace:
Tλµν = −1
3
gλµTν +
1
3
gλνTµ . (27)
Let us substitute this relation into the previous relation (25) and also take into
account the Weyl condition (18). Since according to (13) the relation Λµabg
ab = 0 is
valid for the Lagrange multipliers, we obtain the following equation:
√−gβ2
[
2f0R + 4 (LT 2 + LQ2 + LTQ) + T
νTν
(
−4
3
a1 − 2
3
a2 − 2a3
)
+QµQµ
(
−1
2
k1 − 1
8
k2 − 2k3 − 1
8
k4 − 1
2
k5
)
+ T µQµ
(1
2
m1 − 2m2
−1
2
m3
)]
+
√−g
[
4Lβ − 2l1gσρ∂σβ∂ρβ − β∂νβ
(
2l2T
ν +
(
2l3
+
1
2
l4
))
Qν
]
+
∗
∇ν
[
β2
√−g
(
(−4a1 − 8a2 − 6a3)T ν +
(3
4
m1 − 3m2
−3
4
m3
)
Qν − 3l2gσρ∂σ ln β
)]
= 0 .
After substituting into this equation the expression for the scalar curvature (24),
the scalar curvature R will be excluded in the resulting equation. Now let us calculate
the values of Lagrangians LT 2 , LQ2 and LTQ by substituting the relation (27) and the
Weyl condition (18). The result of these calculations are as follows:
LT 2 =
1
3
(a1 + a2 − a3)T νTν ,
LQ2 = (
1
4
k1 +
1
16
k2 + k3 +
1
16
k4 +
1
4
k5)QνQ
ν ,
LTQ =
(
−1
4
m1 −m2 − 1
4
m3
)
QνT
ν .
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After some additional transformations we obtain the equation
√−gβ2
[(
−2
3
a1 − 8
3
a3
)
T νTν + (−4m2 −m3)QνT ν
]
+
∗
∇ν
[
β2
√−g(−4a1 − 8a2 −
−6a3 + l2)T ν +
(3
4
m1 − 3m2 − 3
4
m3 + l3 +
1
4
l4
)
Qν +
+(2l1 − 3l2)gσν∂σ ln β
]
= 0 . (28)
In the equation (28) we substitute the expressions for the torsion and nonmetricity
traces via the scalar field (23):
√−gβ2gµν∂µ ln β∂ν ln β
[
χ2T
(
−2
3
a1 − 8
3
a3
)
+ χQχT (−4m2 −m3)
]
+
+
∗
∇ν
[
β2
√−ggµν∂µ ln β
{
(−4a1 − 8a2 − 6a3 + l2)χT +
+
(3
4
m1 − 3m2 − 3
4
m3 + l3 +
1
4
l4
)
χQ + (2l1 − 3l2)
}]
= 0 . (29)
In this equation we calculate the term with
∗
∇ν using the formula
∗
∇ (
√−gwν) = ∂ν(
√−gwν) .
After differenivation we verify that all terms with explicit dependence on the metric
tensor vanish, if we assume that the metric tensor satisfies the condition,
∂ν(
√−ggµν) = 0 . (30)
The coordinate system, in which this condition is satisfied, is called a harmonic one.
In the book [38] it was shown that the harmonic coordinate system exists for the open
Friedmann universe (k = −1 in the metric (26)). According to current cosmological
observational data, the metric of the Universe at large distances is spatially flat (k = 0
in the metric (26)). It is easy to show that the harmonic coordinate system also exists
for a spatially flat Friedmann universe, and the harmonic time (but not the spatial
coordinates) coincides with the time of the FRW coordinate system.
If one goes to the harmonic system of coordinates in a spatially flat Universe, the
equation for the Dirac’s scalar field (29) takes the following form (for the early evolution
of the Universe, when dynamics of the universe determined only by a scalar field and
ordinary matter has not yet been generated):
A∂µ∂ν ln β − B∂µ ln β∂ν ln β = 0 , (31)
where the coefficients depend on the coupling constants of the initial gravitational field
Lagrangian (7):
A = χT (−4a1 − 8a2 − 6a3 + l2) + χQ
(3
4
m1 − 3m2 − 3
4
m3 + l3 +
+
1
4
l4
)
+ 2l1 − 3l2 ,
B = χ2T
(
2
3
a1 +
8
3
a3
)
+ χTχQ(4m2 +m3)− 2A .
Dirac’s scalar field as dark energy and evolution of cosmological “constant” 11
In a homogeneous and isotropic Universe the scalar field can depend only on time:
β = β(t). In this case equation (31) takes the form
ββ¨ − (q + 1)(β˙)2 = 0 , q = B
A
. (32)
Replacing β = u(−1/q) for q 6= 0 or β = exp u for q = 0, this equation reduces to
u¨ = 0 . Then the solution of the equation (32) will have the form
β =
β0
(C1t+ 1)(1/q)
, (q 6= 0), β = β0 exp(−C2t) , (q = 0) , (33)
where β0 and C1, C2 are arbitrary constants of integration. The constant β0 is the
initial value of the field at the time t = 0 i.e. at the Planck time. From considerations
of quantum field theory this quantity should be very large. The constants C1 and C2
are determined by the initial rate of the field changing, and to reduce the field β in time
this quantity must satisfy the condition β˙0 < 0.
The parameter q is determined in sufficiently complex manner by 16 of the
coupling constants of the original Lagrangian (7): three constants in the quadratic
torsion Lagrangian (9), five constants in nonmetricity quadratic Lagrangian (10), three
constants of the interaction Lagrangian of torsion and nonmetricity (11), four constants
of the Lagrangian of the scalar field β (12) and one constant f0 before the curvature
scalar. Therefore we can always choose these constants so that one of the conditions is
valid,
1
q
=
A
B
>> 1 , or q = 0 (if B = 0). (34)
Thus (at least for an open or flat universe) if one of the conditions (34) is valid,
one can provide the necessary rapid decline with time the value of the Dirac’s scalar
field. This in turn would explain the rapid (up to 120 orders during the existence of the
Universe) a decrease of energy of physical vacuum (dark energy) Λ0β
4. The decrease of
the value of dark energy by the law (33) is much more intensive than the corresponding
decrease, which can be carried out in Poincare gauge theory of gravity [29], [39], [40], in
which effective cosmological constant is determined by the trace of the torsion tensor.
It should be pointed out that the rapid decrease of the energy of physical vacuum
be the law (33) will occur only before the Friedmann era of evolution of the Universe
begins, since according to the scenario of inflation the birth of rest masses of elementary
particles occurs in the late period of inflation. Further evolution of the Universe will not
be determined only by Dirac’s scalar field, but the ultrarelativistic matter interacting
with radiation. In this case the above solution requires an appropriate modification.
5. The differential identities
The variational field equations (A.1), (A.2), (A.3) and (A.4) are not independent
because of existing two differential identities for the variational derivatives. This fact is
established by the following theorem, in which we follows [9].
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Theorem. If in a general affine-metric space L4(g, Γ) the action integral for a
gravitational Lagrangian density,
LG = LG(haµ , ∂σhaµ ,Γabµ , ∂σΓabµ , β , ∂σβ) , (35)
is SL(4, R)-gauge and diffeomorfic invariant, then the strong differential identities are
valid between variational derivatives of (35) with respect to a connection Γabλ, tetrads
haµ, a metric tensor g
ab and the Dirac’s scalar field β,
∗
∇µ
(
δLG
δΓabµ
)
+
δLG
δhaµ
hbµ + 2
δLG
δgac
gcb = 0 , (36)
∗
∇µ
(
δLG
δhaµ
)
+
δLG
δhcµ
T cµa +
δLG
δΓbcµ
Rbcµa − δLG
δgbc
Qbca − δLG
δβ
hµa∂µβ = 0 . (37)
Proof. Let us consider the variations of the independent variables under the
infinitesimal transformations of the gauge group SL(4, R)(x) acting in the tangent space
of an affine-metric space L4(g, Γ),
δΓabλ = ω
a
cΓ
c
bλ − ωcbΓacλ − ∂λωab , δhaµ = ωabhbµ , δgab = −ω(ab) , δβ = 0 ,
where ωab = ω
a
b(x) are the infinitesimal parameters of the gauge group SL(4, R), which
are arbital differential functions of spacetime points.
After substituting these variations into the variation of the action integral for the
Lagrangian density (35), we get,
0 =
∫
Ω
(d4x) δLG
=
∫
Ω
(d4x)
[
∗
∇µ
(
δLG
δΓabµ
)
+
δLG
δhaµ
hbµ + 2
δLG
δgac
gcb
]
ωab(x)
+
∫
Ω
(d4x)
[
−∂µ
(
δLG
δΓabµ
ωab
)
+ total divergence
]
. (38)
Here the “total divergence” depends on the ωab(x), which is equal to zero on the
boundary of the domain of integration Ω. As the consequence of the randomnes of
ωab(x) inside the domain Ω, we obtain the first of the identity (36).
Let us now get the consequence of the diffeomorfic invariance of the action intergral,
which is equivalent to the invariance under the general coordinate transformations. In
this case the coordinate basis ~eµ = ~eah
a
µ is transformed, but nonholonomic basis ~ea is
not transformed. Other independent variables are transformed as follows,
δΓabµ = −Γabσ∂µδxσ , δhaµ = −haσ∂µδxσ , δgab = 0 , δβ = 0 . (39)
One introduces the function form variation, δ¯ = δ − δxσ∂σ, which commutes with
differentiation. Then the variation of the action integral reads,
0 = δ
∫
Ω
(d4x)LG =
∫
Ω
(d4x) (total divergence)
=
∫
Ω
(d4x)
(
δLG
δΓabµ
δ¯Γabµ +
δLG
δhaµ
δ¯haµ +
δLG
δgab
δ¯gab +
δLG
δβ
δ¯β
)
, (40)
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where the “total divergence” depends on the δxσ(x), which is equal to zero on the
boundary of the domain of integration Ω. As the consequence of the randomnes of
δxσ(x) inside the domain Ω, we obtain from (40) the following identity,
∂µ
(
δLG
δΓabµ
)
Γabσ + 2
δLG
δΓabµ
∂[µΓ
a
|b|σ]
+∂µ
(
δLG
δhaµ
)
haσ + 2
δLG
δhaµ
∂[µh
a
σ] − δLG
δgab
∂σg
ab − δLG
δβ
∂σβ = 0 . (41)
This identity with the help of the identity (36) transforms to the gauge and diffeomorfic
covariant identity (37). This is the end of the proof.
Comments. The differential identities similar to (36) and (37) (but without the
Dirac’s scalar field) in a Riemann–Cartan space, in a Weyl–Cartan space or in the
general affine-metric space have been used by many autors. In a Riemann–Cartan space
these identities have been established in [41] and they have been used in [42] in order to
derive the equations of motion of a test particle with spin and color charge. In metric
formalism the identity (37) has been proved in [43] on the basis of Lie derivative method
and in [2] by method of general coordinate transformations. In exterior form formalism
the identities (36) and (37) have been established in [44] in the general affine-metric
space and in [45], [37] in a Weyl–Cartan space. In the tetrad formalism these identities
have been proved in [9].
The identities (36) and (37) can be used in order to check the validity of calculations
of variational equations (A.1), (A.2), (A.3) and (A.4). For each terms of the Lagrangian
densities (8)–(12) the identities (36) and (37) have been calculated and in all cases we
have obtained results equal to zero.
One can check the validity of these identities also with the help of simbolic
calculatins on computer. With this aim we have used the system CartanWeyl [46]–
[48]. This system is a modification of the well known system CARTAN [49] with the
aim to perform simbolic calculatins on computer with the geometric quantities of Weyl–
Cartan space. With the help of CartanWeyl we have veryfied the vanishing of these
differential identities for all terms of the Lagrangian densities (8)–(12). These two
testing means that the variational equations (A.1), (A.2), (A.3) and (A.4) have been
correctly calculated.
In the theory developed, one can obtain the third differential identity corresponding
to invariance of the action integral for the Lagrangian density (7) with respect to the
conformal transformations (2), (4)–(6). In order to derive this identity let us substitute
these conformal transformations to the variation of the action integral for (35), form
a total divergence and equate the rezult to zero. As a consequence of an randomness
of ε(x) inside the domain of integration Ω and its vanishing on the boundary of Ω, we
obtain the following identity,
∗
∇µ
(
δL
δΓabµ
δab
)
+
δL
δhaµ
haµ − δL
δβ
β = 0 . (42)
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This identity is valid, only if some relations exist between coupling constants of the
Lagrangian densities (8)–(12). After substituting to the identity (42) the variational
derivatives (A.1), (A.2) and (A.3), we obtain the equation,
∗
∇µ
(√−gβ2(Qµ(4k1 + k2 + 16k3 + 1
2
k4 + 4k5 + l3 +
1
4
l4)
+ T µ(−2m1 + 8m2 + 2m3 + l2) + gµν∂ν lnβ(2l1 + 8l3 + 2l4)
))
= 0 . (43)
This equation is an identity, if the following relations beteen the coupling constants is
sutisfied,
l1 = 16k1 + 4k2 + 64k3 + 2k4 + 16k5 , (44)
l2 = 2m1 − 8m2 − 2m3 , l1 + 4l3 + l4 = 0 . (45)
Therefore it has been demonstrated that an investigation of the differential
identities (36), (37) and (42) is an effective method of the verification of the variational
field equations and the discovery of some important relations beteen the coupling
constants of the gravitational field Lagrangian.
6. Conclusion
Construction of the conformal theory of gravity in a Weyl-Cartan spacetime with the
Dirac’s scalar field allows to raise a question on solving of one of the most important
problems of modern fundamental physics. It refers to the problem of huge differences
(up to 120 orders of magnitude) in values of the cosmological constant Λ in the period
of inflation and in the modern era [50].
In the gravitational field Lagrangian (7), which is invariant under the Poincare´–
Weyl gauge group, the term Λβ4 is interpreted as an effective cosmological constant.
Therefore in the theory proposed the effective cosmological constant is determined by the
Dirac’s scalar field [19]. Solving the equation for the scalar field for the early Universe
(inflation phase), a solution with sharp decrease in the value of the Dirac’s scalar field
in this era is obtained, which provides a sharp decrease in the effective cosmological
constant to its present level over the lifetime of the Universe [18], [19]. This allows to
make a substantial progress in solving the cosmological constant (dark energy) problem.
Thus it is shown that in conformal theory of gravity with the Dirac’s scalar field
and quadratic Lagrangians in a Weyl–Cartan spacetime it can be resolved one of the
fundamental contradictions of the theory of evolution of the Universe [50], [51], and the
coordination of this theory with modern fundamental physical concepts can be fulfilled.
This research work has been performed in the framework of the Federal Purposeful
Program Research and Pedagogical Personnel of Innovative Russia for 2009-2013.
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Appendix A. The field equations
With the help of the formulas (14)–(16) we find the expressions for the corresponding
variational derivatives with respect to the connection Γabµ. We substitute them in (17),
and then in the variational derivative of the total Lagrangian density theory (13). As a
result, we obtain the variational field equation corresponding to one of the independent
variable - the connection (Γ-equation),
δL
δΓabµ
= 2
∗
∇ν
[√−g(2f1Rabµν + 2f2Rbaµν + 2f3Ra[µ|b|ν] − f4(Rb[µν]a +R[µ|a|ν]b)
+2f5R
[µν]
a
b + 2f6Rh
[µ
|a|h
ν]
cg
bc + 2f7R
b[νhµ]a + 2f8h
[µ
|a|R
ν]b
+f9(R˜
b[νhµ]a +Ra
[µhν]cg
bc) + f10(h
[µ
|a|R˜
ν]b + gbch[ν |c|R
µ]
a)
+2f11R˜a
[µhν]cg
bc + 2f12g
bch[ν |c|R˜
µ]
a + f13(δ
b
aR
[µν] + V b[νhµ]a)
+f14(δ
b
aR˜
[µν] + gbcVa
[µhν]c) + 2f15δ
b
aV
µν
)]
−√−gβ2f0P µba
−√−g
(
2f1Ra
bβα + 2f2R
b
a
βα + 2f3Ra
αβb + f4(R
bβ
a
α +Rβa
bα)
+2f5R
βα
a
b + 2f6Rh
α
ch
β
ag
bc + 2f7h
β
aR
bα + 2f8h
β
aR
αb
+f9(h
β
aR˜
bα + hαcg
bcRa
β) + f10(h
β
aR˜
αb + hαcg
bcRβa)
+2f11h
α
cg
bcR˜a
β + 2f12h
α
cg
bcR˜βa + f13(δ
b
aR
βα + hβaV
bα)
+f14(δ
b
aR˜
βα + hαcg
bcVa
β) + 2f15δ
b
aV
βα
)
T µαβ
+2
√−gβ2
(
2a1Ta
µb + 2a2T
[bµ]
a + 2a3δ
[b
a T
µ] + 2k1Qa
bµ + 2k2Q
µ
(a
b)
+2k3δ
b
aQ
µ + 2k4h
µ
(aQ
b)ν
ν + k5(h
µ
(aQ
b) + δbaQ
µν
ν)
+m1(T(a
b)µ −Qa[bµ]) +m2(δbaT µ + δ[baQµ]) +m3(T(ahb)σgσµ
+δ[baQ
µ]λ
λ)
)
+
√−gβ∂νβ
(
4f0h
µ
[ah
ν
c]g
bc + (l2 + 2l3)δ
b
ag
νµ
−l2hµahνcgcb + 2l4hν (agb)chµc
)
+
√−gβ4Λµba + δLm
δΓabµ
= 0 . (A.1)
Then perform the same variational procedure for the tetrad coefficients haµ and obtain
a variational h-equation,
δL
δhaµ
=
√−g
[
hµa
(
f1R
αβσνRαβσν + f2R
αβσνRβασν + f3R
αβσνRασβν
+f4R
αβσνRβσαν + f5R
αβσνRσναβ + f6R
2 + f7R
σνRσν
+f8R
σνRνσ + f9R
σνR˜σν + f10R
σνR˜νσ + f11R˜
σνR˜σν
+f12R˜
σνR˜νσ + f13V
σνRσν + f14V
σνR˜σν + f15V
σνVσν
)
−4f1RαβµνRαβaν − 4f2RαβµνRβαaν + 2f3(RαµβνRαβνa
+RαβµνRανβa)− f4(RµβανRβαaν +RβµανRαβaν
+RαβνµRβναa +R
βναµRαβνa) + 4f5R
[µν]αβRαβνa
−2f6R(R˜µa +Rµa)− 2f7(RσµRσa +RσνRµσaν)
−2f8(RµνRνa +RµσaνRνσ)− f9(RµσaνR˜σν +RσνRσµνa
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+RνaR˜
νµ +RνµR˜νa)− f10(RµνaσR˜σν +RµνR˜νa
+RσµνaRνσ +RνaR˜
µν)− 2f11(RσµνaR˜σν + R˜νµR˜νa)
−2f12(RσµνaR˜νσ + R˜µσR˜σa)− f13(2V µνR[aν] + 2VaνR[µν]
+V σνRµσaν − V µνRaν)− f14(2V σ(µR˜|σ|a) + VσνRσµνa
+VaνR˜
µν)− 4f15V µνVaν
]
+
√−gβ2
[
hµa
(
a1T
ασνTασν + a2T
ασνTνσα + a3T
νTν
+k1Q
σνλQσνλ + k2Q
σνλQσλν + k3Q
νQν + k4Qλ
σ
σQ
λν
ν
+k5Q
σQσ
ν
ν +m1Q
σνλTσνλ +m2Q
νTν +m3Q
σ
νσT
ν
)
−f0(Rµa + R˜µa − hµaR) + 2a1(T µσνTaσν − 2T σνµTσνa)
−2a2T νµσTσaν − 2a3T µTa − 2k1QνλµQνλa − 2k2QµνλQνλa
−2k3QµQa − 2k4QλµaQλνν − k5(QµννQa +QνQνµa)
+m1(T
µλνQaλν −QµνλTνaλ − T νλµQνλa −QνλµTνλa)
−m2(QµTa + T µQa)−m3(QµνaTν +QµννTa)
]
+
√−g
[
hµa
(
l1g
σρ∂σβ∂ρβ + l2βT
ν∂νβ + l3βQ
ν∂νβ
+l4βQ
νσ
σ∂νβ + Λ0β
4
)
− 2l1∂σβ∂ρβgµσhρa
−2β∂νβ(l2Tσgµ(σ + l3Qσgµ(σ + l4Qµ(σσ)hν)a
]
+2
∗
∇ν
[√−gβ2(2a1Taµν + 2a2T [νµ]a + 2a3h[ν |a|T µ]
+m1Qa
[µν] −m2h[µaQν] −m3h[µaQν]λλ + l2∂σ(ln β)gσ[µhν]a
)]
+
√−gβ4ΛσbcQbcσhµa + δLm
δhaµ
= 0 . (A.2)
In the approach developed, the additional equation arises as a result of the variation
of the Dirac’s scalar field β. The corresponding variational equation (β-equation) reads,
δL
δβ
= −2l1
∗
∇µ
(√−ggµν∂νβ)− β ∗∇µ (√−g(l2T µ + l3Qµ + l4Qµλλ))
+2β
√−g
(
f0R + a1T
λµνTλµν + a2T
λµνTνµλ + a3T
µTµ
+k1Q
µνλQµνλ + k2Q
µνλQµλν + k3Q
µQµ + k4Qλ
µ
µQ
λν
ν
+k5Q
µQµ
ν
ν +m1Q
µνλTµνλ +m2Q
µTµ +m3Q
µ
νµT
ν
)
+4
√−gβ3(Λ0 + 1
2
ΛµabQ
ab
µ) +
δLm
δβ
= 0 . (A.3)
As it has been pointed out at the end of section 3, we can formally write down the
result of variation of Lagrangian density (13) under the components of the metric tensor
gab. The corresponding g-equation reads,
δL
δgab
=
√−gf0
(
R(ab) − 1
2
gabR
)
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−1
2
√−ggab
(
f1R
αβµνRαβµν + f2R
αβµνRβαµν
+f3R
αβµνRαµβν + f4R
αβµνRβµαν + f5R
αβµνRµναβ
+f6R
2 + f7R
µνRµν + f8R
µνRνµ + f9R
µνR˜µν
+f10R
µνR˜νµ + f11R˜
µνR˜µν + f12R˜
µνR˜νµ
+f13V
µνRµν + f14V
µνR˜µν + f15V
µνVµν
+β2(a1T
λµνTλµν + a2T
λµνTνµλ + a3T
µTµ
+k1Q
µνλQµνλ + k2Q
µνλQµλν + k3Q
µQµ
+k4Qλ
µ
µQ
λν
ν + k5Q
µQµ
ν
ν
+m1Q
µνλTµνλ +m2Q
µTµ +m3Q
µ
νµT
ν)
+l1g
µν∂µβ∂νβ + l2β∂µβg
µσTσ + l3β∂µβg
µσQσ
+l4β∂µβQ
µσ
σ + Λ0β
4
)
+
√−g
(
−f1(R(a|σµν|Rb)σµν − Rσ(aµνR|σ|b)µν
+2Rσµν(aR
σµ
b)
ν) + 2f2R
σµ
(a
νR|µσ|b)ν
+f3(Rσµν(aR
σνµ
b) − 2Rσµν(aRσb)µν − R(a|σµν|Rb)µσν)
+f4(−Rµσν (aR|σ|b)µν +Rνµσ(aR|µσν|b))
+2f5R
σµν
(aR|ν|b)σµ + 2f6RR(ab)
+f7(R(a
σRb)σ +R
σ
(aR|σ|b)) + 2f8R(a
σR|σ|b)
+f9(Rµ(aR˜
µ
b) − RµνRµ(ab)ν) + f10(R˜µ(aRb)µ − RµνRν(ab)µ)
+f11(−2Rµ(ab)ν R˜µν − R˜aνR˜bν + R˜νaR˜νb)
−2f12R˜νµRµ(ab)ν + 2f13V(aσR[b)σ]
+f14(Vσ(aR˜
σ
b) − V µνRµ(ab)ν) + 2f15V(aνVb)ν
)
+
√−gβ2
(
a1(2TµνaT
µν
b − TaµνTbµν) + a2Tµν(aT |νµ|b)
+a3TaTb + k1(Q
µν
aQµνb − 2QaµνQbµν)− k2Q(aµνQb)νµ
+k3(QaQb − 2QabµQµ)− k4QaµµQbνν − k5QabµQµνν
+m1(Qνλ(aT
νλ
b) −Q(aµνTb)µν) +m2(T(aQb) −QabµT µ)
)
+
√−g
(
l1h
µ
(ah
ν
b)∂µβ∂νβ + (l2T(ah
ν
b) + l3Q(ah
ν
b) − l3Qabν)β∂νβ
)
− ∗∇µ
(√−gβ2(2k1Qabµ + 2k2Qµ(ab) + 2k3gabQµ
+2k4h
µ
(aQb)
ν
ν + k5(gabQ
µν
ν +Q(ah
µ
b))
+m1T(ab)
µ +m2gabT
µ +m3T(ah
µ
b)
+(l3gabg
µν + l4h
µ
(ah
ν
b))∂ν ln β)
)
−1
2
√−gβ4
(
∇ˆµΛµab + 2ΛµcdQcdµgab
)
+
δLm
δgab
= 0 . (A.4)
In this equation the Weyl condition (18) should be substituted.
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